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Abstract 

In this paper, we prove there exist at least [^^y^] + 1 geometrically distinct closed character- 
istics on every compact convex hypersurface E in R^". Moreover, there exist at least [^] + 1 
geometrically distinct non-hyperbolic closed characteristics on E in R^" provided the number of 
geometrically distinct closed characteristics on S is finite. 
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1 Introduction and main results 

Let S be a fixed compact convex hypersurface in R^", i.e., S is the boundary of a compact and 

strictly convex region U in R^". We denote the set of all such hypersurfaces by 7i(2n). Without 
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loss of generality, we suppose U contains the origin. We consider closed characteristics (r, y) on S, 
which are solutions of the following problem 

(y = JN^{y), 

{ (1-1) 
i y(r) = y(0), 

fO -I„\ 

where = I , -^n is the identity matrix in R", r > 0, Nj]{y) is the outward normal vector 

of S at y normalized by the condition NY.{y) • y = 1. Here a ■ b denotes the standard inner product 
of a,b £ H"^^. A closed characteristic (r, y) is prime, if r is the minimal period of y. Two closed 
characteristics (r, y) and (c, z) are geometrically distinct, if y(R) ^ z(R). We denote by ^(S) 
the set of all geometrically distinct closed characteristics on S. A closed characteristic (r, y) is 
non-degenerate, if 1 is a Floquet multiplier of y of precisely algebraic multiplicity 2, and is elliptic, 
if all the Floquet multipliers of y are on U = {z G C | |2;| = 1}, i.e., the unit circle in the complex 
plane. It is hyperbolic, if 1 is a double Floquet multiplier of it and all the other Floquet multipliers 
of y are away from U = {z G C | |z| = 1}. 

It is surprising enough that A.M. Liapunov in [Lial] of 1892 and J. Horn in |Horl| of 1903 
were able to prove the following great result: Suppose H : R^"- — t- R zs analytic, a{JH" (0)) = 
{zb-y/— Iwi, . . . , ±\/—luJn} are purly imaginary and satisfy — ^ Z for all i,j. Then there exists 
eo > so small that 

*T{H-\e))>n, VO<e<eo. (1.2) 

This deep result was greatly improved by A. Weinstein in |Weil| of 1973. He was able to prove that 
for H e C2(R^",R), if H"{0) is positive definite, then there exists eo > small such that (fL2]l still 
holds. In (el], I. Ekeland and J. Lasry proved that if there exists xq G R^" such that 

r < \x — xo\ < R, Vx G S 

and f < \/2. Then S carries at least n geometrically distinct closed characteristics. 

Note that we have the following example of weakly non-resonant ellipsoid: Let r = (ri, . . . , r„) 
with > for 1 < i < n. Define 

( 1 " r2 -U 7/2 ' 



£n{r) = <z = {xi, . . . ,x„,yi, . . . ,y„) G R 



where ^ ^ Q whenever i j. In this case, the corresponding Hamiltonian system is linear and 
all the solutions can be computed explicitly. Thus it is easy to verify that '^T{£n{f)) = n and all 



the closed characteristics on <?ra(r) are elliptic and non-degenerate, i.e. its linearized Poincare map 

/ cose sin(9\ /I 1\ 

splits into n — 1 two dimensional rotation matrix with - ^ Q and one | . 

V-sin^ cose ^ VO 1/ 



Based on the above facts, there is a long standing conjecture on the number of closed charac- 
teristics on compact convex hypersurfaces in R^": 

#r(S)>n, VSG^(2n). (1.3) 

Since the pioneering works [Rabl| of P. Rabinowitz and |Wei2j of A. Weinstein in 1978 on the 
existence of at least one closed characteristic on every hypersurface in T-L{2n), the existence of 
multiple closed characteristics on S G T-L{2n) has been deeply studied by many mathematicians. 
When n > 2, in 1987-1988 I. Ekeland-L. Lassoued, I. Ekeland-H. Hofer, and A, Szulkin (cf. [EkLl] . 
[EkHT], [HiuT]) proved 

#r(S)>2, VEG?^(2n). 

In [HWZlj of 1998, H. Hofer-K. Wysocki-E. Zehnder proved that #r(S) = 2 or oo holds for every 
E e ^(4). In [L^ of 2002, Y. Long and C. Zhu further proved 

*T(S)>[^] + 1, VSG?^(2n), 

where we denote by [a] = max{A; e Z | /c < a}. In [WHLj of 2007, W. Wang, X. Hu and Y. Long 
proved ^^(S) > 3 for every S S 'H{6), which gave a confirmed answer to the above conjecture for 
n = 3. 

There are some related results considering the stability problem, in [Eke2j of Ekeland in 1986 
and |Lon2j of Long in 1998, for any E G 1-L{2n) the existence of at least one non-hyperbolic closed 
characteristic on E was proved provided '^T(E) < -|-oo. Ekeland proved also in |Eke2| the existence 
of at least one elliptic closed characteristic on E provided E G 'H{2n) is \/2-piiiched. In |DDE1] 
of 1992, Deir Antonio, D'Onofrio and Ekeland proved the existence of at least one elliptic closed 
characteristic on E provided E G T-L{2n) satisfies E = — E. In |Lon3) of 2000, Y. Long proved 
that E S ^(4) and '^7'(E) = 2 imply that both of the closed characteristics must be elliptic. 
In [WHLj . the authors proved further that E € "^(4) and *T(E) = 2 imply that both of the 
closed characteristics must be irrationally elliptic. In [LoZlj of 2002, Long and Zhu proved when 
*T(E) < -|-oo, there exists at least one elliptic closed characteristic and there are at least [^] 
geometrically distinct closed characteristics on E possessing irrational mean indices, which are 
then non-hyperbolic. In |Wlj . the author proved that if ^^(E) < -|-oo, then at least two closed 
characteristics on E must possess irrational mean indices; if ^^(E) = 3, then there are at least two 
elliptic closed characteristics on E, where E G %{&}. 

Motivated by these results, we prove the following results in this paper. 
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Theorem 1.1. There exist at least [^^^] + 1 geometrically distinct closed characteristics on 
every compact convex hypersurface S in R^", i.e., we have '^7'(S) > [^^^] + 1 for any S € 'H{2n). 

Theorem 1.2. There exist at least [^] + 1 geometrically distinct non-hyperbolic closed charac- 
teristics on T, £ 'H{2n) provided the number of geometrically distinct closed characteristics on S is 
finite. 

The proof of the main Theorems is given in Section 4. Mainly ingredients in the proof include: 
the critical point theory for closed characteristics established in |WHLj . Morse theory and the index 
iteration theory developed by Long and his coworkers, specially the common index jump theorem 
of Long and Zhu (Theorem 4.3 of [LoZlj . cf. Theorem 11.2.1 of |Lon4j ) . In Section 2, we review 
briefly the equivariant Morse theory for closed characteristics on compact convex hypersurfaces in 
r2"- developed in |WHLj . In Section 3, we review the index iteration theory developed by Long 
and his coworkers. 

In this paper, let N, Nq, Z, Q, R, and R^ denote the sets of natural integers, non-negative 
integers, integers, rational numbers, real numbers, and positive real numbers respectively. Denote 
by a • 6 and \a\ the standard inner product and norm in R^". Denote by (•, •) and || • || the standard 
L^-inner product and L^-norm. For an S'^-space X, we denote by Xgi the homotopy quotient of 
X module the S'^-action, i.e., Xg\ = S°° x X. We define the functions 

\a\ = maxjA; G Z I /c < a), Eia) = minjA; G Z I A; > a), 

(1.4) 

ip{a) = E{a) - [a]. 

Specially, (^(a) = if a E Z , and (^(a) = 1 if a ^ Z . In this paper we use only Q-coefficients for all 
homological modules. For a Z^-space pair [A, B), let H^{A, B)^^"^ = {a G H^{A, B)\ L^a = ±£t}, 
where L is a generator of the Z^-action. 

2 Critical point theory for closed characteristics 

In the rest of this paper, we fix a S G T-L{2n) and assume the following condition on S: 
(F) There exist only finitely many geometrically distinct closed characteristics 

{('0'yj)}i<i<fc ^• 

In this section, we review briefly the equivariant Morse theory for closed characteristics on S 
developed in [WHL] and |W1| which will be needed in Section 4 of this paper. All the details of 
proofs can be found in |WHL] and |W1] . 

Let f = infjrjl 1 < j < A;}. Note that here Tj's are prime periods of yj's for 1 < j < k. Then 
by §2 of [WHL] . for any a > f, we can construct a function ipa G C°°(R, R+) which has as its 
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unique critical point in [0, +00) such that 99^ is strictly convex for t > 0. Moreover, ^^^^ strictly 
decreasing for t > together with limt_^o+ "^^^ = 1 ^^'^ ^a{^) = = (/'a(O)- More precisely, we 
define ipa via Propositions 2.2 and 2.4 in |WHL] . The precise dependence of fa on a is explained 
in Remark 2.3 of [WHLj . 

Define the Hamiltonian function Ha{x) = aipa{j{x)) and consider the fixed period problem 

(x(t) = JH',{x(t)), ^^^^ 
\ x(l)=x(0). 

Then Ha G C^(R2" \ {0},R) n C1(R2",R) is strictly convex. Solutions of we x = {) and 
X = pyijt) with "^"^^^ = ^, where (t, y) is a solution of (II. ip . In particular, nonzero solutions of 
(j2.ip are one to one correspondent to solutions of (jl.ip with period r < a. 

In the following, we use the Clarke-Ekeland dual action principle. As usual, let Ga be the 
Fenchel transform of Ha defined by Ga{y) = sup{a; • y - Ha{x) \ x E R^"}. Then Ga G C2(R2" \ 
{0},R) n C1(R2",R) is strictly convex. Let 

l2(5\ R2") = e l2([0, 1], R2") = o| . (2.2) 

Define a linear operator M : Lg(5\R2") ^ Lg(5\R2") by jiMu{t) = u{t), Mu{t)dt = 0. The 
dual action functional on Lq{S^, R^") is defined by 

^a{u) = Q Ju • Mu + Gai-Ju)^ dt. (2.3) 

Then the functional ^'^ G C^'^(Lg(S'^, R^*^), R) is bounded from below and satisfies the Palais- 
Smale condition. Suppose x is a solution of (j2.ip . Then u = i; is a critical point of ^a- Conversely, 
suppose M is a critical point of ^a- Then there exists a unique i G R2" such that Mu - ^ IS a 
solution of (j2.ip . In particular, solutions of (j2.ip are in one to one correspondence with critical 
points of ^a- Moreover, ^a{u) < for every critical point u ^ of ^'q. 

Suppose M is a nonzero critical point of ^a- Then following |Eke3] the formal Hessian of ^a at 
u is defined by 

Q^{v, v) = I {Jv ■ Mv + G'a{-Ju)Jv ■ Jv)dt, 
Jo 

which defines an orthogonal splitting Lq = ® Eq ® -E+ of Lq{S^, R^") into negative, zero and 
positive subspaces. The index of u is defined by i{u) = diuiE- and the nullity of u is defined 
by i^(u) = dimi^o- Let n = x be the critical point of ^a such that x corresponds to the closed 
characteristic (r, y) on S. Then the index i{u) and the nullity z^(m) defined above coincide with 
the Ekeland indices defined by I. Ekeland in [Ekel] and [Eke3j . Specially 1 < i^(u) < 2n — 1 always 
holds. 
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We have a natural 5^-action on Lg(S'\ R^") defined by 6 • u{t) = u{e + t) for all (9 G 5^ and 
t € R. Clearly ^'^ is S"^ -invariant. For any k E R, we denote by 

= ^ E Ll{S\ R2") I ^>a{u) < k}. (2.4) 

For a critical point tt of ^'a, we denote by 

Aa{u) = A*'"^ = {we Ll{S\ R2") I m,{w) < ^a{u)}. (2.5) 

Clearly, both sets are 5^-invariant. Since the 5^-action preserves ^a-, if u is a critical point of ^'a, 
then the whole orbit S"^ • u is formed by critical points of '^a- Denote by crit{^a) the set of critical 
points of Note that by the condition (F), the number of critical orbits of is finite. Hence 
as usual we can make the following definition. 

Definition 2.1. Suppose u is a nonzero critical point of '^a o,nd M is an S"^ -invariant open 
neighborhood of ■ u such that crit{^a) H (Aa(n) n AA) = S"^ ■ u. Then the -critical modules of 

■ u are defined by 

We have the following proposition for critical modules. 

Proposition 2.2. (Proposition 3.2 of [WHLj ) The critical module C51 ,j(^'a, ■ u) is inde- 
pendent of a in the sense that if Xi are solutions of 12. 1\) with Hamiltonian functions Ha., (x) = 
anpai{j{x)) for i = 1 and 2 respectively such that both xi and X2 correspond to the same closed 
characteristic {T,y) on S. Then we have 

Csi,,{^a^, ■Xi)^Csi,,{^a„ S'-X2), Vg E Z. 

Now let u 7^ be a critical point of with multiplicity mul{u) = m, i.e., u corresponds to 
a closed characteristic {mT,y) C S with (t, y) being prime. Hence u{t + ^) = u{t) holds for all 
t E R and the orbit of n, namely, S"" ■ u ^ ^VZ™ = S^. Let / : N{S^ ■ u) ^ ■ u he the 
normal bundle of S"^ • n in Lq(S'^, R^") and let f~^{0 ■ u) = N{9 ■ u) be the fibre over 6 ■ u, where 
9 £ S^. Let DN{S^ • u) be the f)-disk bundle of N{S^ • u) for some g > sufficiently small, i.e., 
DN{S^ . n) = E N{S^ ■ u) \ \\^\\ < g} and let DN{e ■ u) = f-^{e ■ u) n DN{S^ ■ u) be the disk 
over 9 ■ u. Clearly, DN{9 ■ u) is Zm-invariant and we have DN{S'' ■ u) = DN{u) Xz^ where the 
Zm-action is given by 

{9, V, t) E Z„ X DN{u) xS^^{9-v, 9-^t) E DN{u) x . 



6 



Hence for an S^-invariant subset F of DN{S^ • u), we have T/S^ = (r„ Xz„ S^)/S^ = F^/Zm, 
where r„ = F n DN{u). Since '^a is not on ^0(5*^, R^"), we need to use a finite dimensional 
approximation introduced by Ekeland in order to apply Morse theory. More precisely, we can 
construct a finite dimensional submanifold of L'^{S^, R^") which admits a Z^-action with m\i. 
Moreover ^'^ and ^'a|r(t) have the same critical points. ^'a|r(t) is in a small tubular neighborhood 
of the critical orbit S*^ • u and the Morse index and nullity of its critical points coincide with those 
of the corresponding critical points of ^a- Let 

D,N{S^ -u) = DN{S^ ■u)r\T{i), D,N{e ■ u) = DN{e ■ u) r\T{L). (2.6) 

Then we have 

S^-u)^ H,{ka{u) n AiV(n), (Aa(n) \ {u}) n AiV(n))^'". (2.7) 

Now we can apply the results of Gromoll and Meyer in |GrMlj to the manifold Dp^N{vP) with vP 
as its unique critical point, where p G N. Then mul{vP) = pm is the multiplicity of and the 
isotropy group Zpm C of acts on DplN{vP) by isometrics. According to Lemma 1 of [GrMlj . 
we have a Zp^-invariant decomposition of Tup{Dp^N{vP)) 

Tuv{Dp,N{uP)) = y+ e e = {(x+,x_,xo)} 

with diml/~ = i{u^), dimV^ = v{vP) — 1 and a Zp^-invariant neighborhood B = Bj^ x B x Bq 
for in T^p {Dpi^N (11^)) together with two Zp^-invariant diffeomorphisms 

^ : B = B+ X B^ X Bo ^ ^{B+ x 5_ x Bq) C Dp,N{uP) 

and 

7]:Bo^ WiuP) = 7]{Bo) C Dp,N{uP) 
such that $(0) = r?(0) = and 

o ^ix+, X_,Xo) = |X+|^ - |X_|2 + O 7]{xo), (2.8) 

with (i(5'a o r/)(0) = fi'^(^'a ° ^)(0) = 0. As |GrMl| . we call W{uf) a local characteristic manifold 
and U{vP) = B__ a local negative disk at u^. By the proof of Lemma 1 of [GrMlj . W{vP) and U (u^) 
are Zpm-invariant. Then we have 

H.{ka{vP) n Dp,N{un. {K{un \ n Dp,N{un) 

= H,{UiuP), UiuP)\{uP})^H4WiuP)nAaiuP), (W^(nP) \ K}) n A„(nf )), (2.9) 
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where 

fQ, iiq = i{vP), 

H,{U{un,U{vF)\m) = \ (2.10) 

[ 0, otherwise. 

Now we have the following proposition. 

Proposition 2.3. (Proposition 3.10 of [WHL] ) Let u ^ be a critical point of with 
mul{u) = 1. Then for all p ^IS and q £ Z, we have 

Csi, gi^a, ■un=i^ if,_,(„p)(VF(nP) n AaiuP), (WiuP) \ {uP}) n AaiuP))j , (2.11) 

w/iere /3('uP) = (-l)^("'')-*("). Thus 

Csi, gi^a, ■ uP) = 0, for q < i{uP) oi q > i{uP) + u{uP) - 1. (2.12) 

In particular, if is nan- degenerate, i.e., v{uP) = 1, then 

r Q, if g = i(uP) and /3(uP) = 1, 
Cs^,g{^a, S'-uP) = \ (2.13) 
[ 0, otherwise. 

We make the following definition. 

Definition 2.4. Let u ^ be a critical point of'^a with mul{u) = 1. Then for all p £ N and 
I e Z, let 

k±i(«n = dimi^Hi{W{uP)nAa{uP), {W{uP)\{uP})nAa{uP))j , 

l3{uP)Zp 

k{uP) = dim[ Hi{W{uP)nAa{uP),{W{uP)\{uP})nAa{uP))' 



ki{uP) 's are called critical type numbers of u^. 

We have the following properties for critical type numbers. 

Proposition 2.5. (Proposition 3.13 of [WHL] ) Let u ^ be a critical point of with 
mul{u) = 1. Then there exists a minimal K{u) G N such that 

y(uP+^^-^)) = y{uP), i{uP+^^''^) - i{uP) G 2Z, 

and ki{uP^^^'^^) = ki{uP) for all p £ N and I £ Z. We call K{u) the minimal period of critical 
modules of iterations of the functional at u. 

For a closed characteristic (r, y) on S, we denote by = {mT,y) the m-th iteration of y for 
m G N. Let a > t and choose ifa as above. Determine p uniquely by -^^^^ = ^. Let x = py{Tt) 
and u = X. Then we define the index i{y'^) and nullity i^(y™) of (mr, y) for m G N by 

%'-)=i(0, v{y^') = u{u"^). 



These indices are independent of a when a tends to infinity. Now the mean index of (r, y) is defined 
by 

i{y) = lim ^ 



m— >oo 772 

Note that i{y) > 2 always holds which was proved by Ekeland and Hofer in [EkHl] of 1987 (cf. 

Corollary 8.3.2 and Lemma 15.3.2 of |Lon4| for a different proof). 

By Proposition 2.2, we can define the critical type numbers ki{y"^) of to be ki{u^), where 
is the critical point of corresponding to y*". We also define K{y) = K{u). Then we have 

the following. 

Proposition 2.6. We have ki{y"^) = for I ^ [0, ^{y^) — 1] and it can take only values or 1 
when / = or I = y{y^) — 1. Moreover, the following properties hold (cf. Lemma 3.10 of IBaLl^ . 
fChal^ and \MaWl^ ): 

(i) A;o(y'") = 1 implies hiy"^) = for 1 < I < u{y"') - 1. 

(ii) = 1 implies kiy"") = for < I < - 2. 

(Hi) ki{y"^) > 1 for some I < I < i^(y™) — 2 implies ko{y"^) = k^(^ym^_i{y"^) = 0. 

(iv) If v{y^) < 3, then at most one of the ki{y'^) 's for < I < — 1 can be non-zero. 

(v) Ifi{y'^) - i{y) G 2Z + 1 for some m G N, then ko{y"''-) = 0. 
Proof. By Definition 2.4 we have 

kiy"^) < dimHi{W{un H A,(n'"), {Wiu^ \ {n'"}) n A„(n™)) ^ r/^y"). 

Then from Corollary 1.5.1 of prnl] or Corollary 8.4 of [MaWlj . (i)-(iv) hold. 
For (v), if r]o{y"^) = 0, then (v) follows directly from Definition 2.4. 

By Corollary 8.4 of [MaWlj . rjQ^y"^) = 1 if and only if u"^ is a local minimum in the local 
characteristic manifold Win""). Hence {W {u"") n Aaiu"") , (l^(n'^) \ {n"^}) n Aa(u'^)) = ({n'"}, 0). 
By Definition 2.4, we have: 

A:o,+i(0 = dimi/oWn™)nAa(0, (H^(n™)\{u'"})nAa(u'"))+2'" 
= dimi/o({'u™})+^'" 
= 1. 

This implies /colti") = ^o-iCw"") = 0. | 
Let be the functional defined by (j2.3p for some a E R large enough and let e > be small 
enough such that [— e, +oo)\{0} contains no critical values of ^a- Denote by la the greatest integer 
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in Nq such that la < i{T,y) hold for all closed characteristics (r, y) on E with r > a. Then by 
Section 5 of jWHLj . we have 

Hsi, ,{A-n - Hsi, ,(A-) - H,{CPn, yq < h- (2.14) 

For any g G Z, let 

M,(A-^)= dimC5i,,(^a, (2.15) 

l<j<fc, l<mj <a/Tj 

Then the equivariant Morse inequalities for the space yield 

M,(A-^) > b,{A-% (2.16) 
Mg{A--) - M,_i(Ar) + --- + (-l)^Mo(Ar) 

> 6,(Ar)- Vi(Ar) + --- + (-ir&o(A-^), (2.17) 

where 6q(A~^) = dimHgi q(A~^). Now we have the following Morse inequalities for closed charac- 
teristics. 

Theorem 2.7. Let S E 'H{2n) satisfy '^T(S) < +00. Denote all the geometrically distinct 
closed characteristics by {(tj-, yj)}i<j<k- Let 

Mq = lim MJA-^), yq £ Z, (2.18) 

a— >-+cxD 

ri, ifgG2No, 

bq = Mm 6,(A-^)= (2.19) 
a->+oo otherwise. 

T/ien we have 

Mg > bg, (2.20) 

M,-Mg_i + ••• + (- l)«Mo > Vi + --- + (-l)'^o, VgeZ. (2.21) 

Proof. As we have mentioned before, i{yj) > 2 holds for 1 < j < k. Hence the Ekeland index 
satisfies i{yj^) = i{uj^) — )• 00 as m — )• 00 for 1 < j < k. Note that la — )• +00 as a — )• +00. Now fix 
a q £ Z and a sufficiently great a > 0. By Propositions 2.2, 2.3 and (|2.15|) . Mj(A^'^) is invariant 
for all a > Aq and < i < g, where > is some constant. Hence (j2.18p is meaningful. Now for 
any a such that 4 > q, (pJijl - ipTT]) imply that (pJ9|) - (p:2T]) hold. | 

Recall that for a principal C/(l)-bundle E ^ B, the Fadell-Rabinowitz index (cf. |FaRl| ) of 
is defined to be sup{/c | ci{E)''^^ 7^ 0}, where ci{E) G H^{B,Q) is the first rational Chern class. 
For a C/(l)-space, i.e., a topological space X with a [/(l)-action, the Fadell-Rabinowitz index is 
defined to be the index of the bundle X x 5°^ — )• X Xj/(i) S°° , where 3°^ — )• CP°° is the universal 
C/(l)-bundle. 
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As in P.199 of [Eke3| . choose some a G (1, 2) and associate with U a convex function H such 
that H{Xx) = X"H{x) for A > 0. Consider the fixed period problem 

(x{t) = JH'{xit)), 

I (2.22) 
I x(l)=x(0). 



Define 



Lo"-^(5\r2") = {uGL^(S\r2")| [\dt = 0}. (2.23) 

Jo 



The corresponding Clarke-Ekeland dual action functional is defined by 

<^>{u) = (^^Ju- Mu + H*{-Ju)j dt, Vn G L^(5\r2"), (2.24) 

where Mu is defined by ^Mu{t) = u{t) and /q^ Mu{t)dt = 0, H* is the Fenchel transform of H 
defined above. 

For any k G R, we denote by 

= {n G L^(5\r2") I ^{u) < k}. (2.25) 

Then as in P.218 of [Eke3] . we define 

Ci = m{{6 GK\i{^^-)>i}, (2.26) 

where / is the Fadell-Rabinowitz index given above. Then by Proposition 3 in P.218 of |Eke3] . we 
have 

Proposition 2.8. Every Ci is a critical value of ^. If Ci = Cj for some i < j, then there are 
infinitely many geometrically distinct closed characteristics on S. 
As in Definition 2.1, we define the following 

Definition 2.9. Suppose u is a nonzero critical point of <I>, and M is an -invariant open 
neighborhood of ■ u such that crit[^) n (A(n) n J\f) = ■ u. Then the -critical modules of 
■ u is defined by 

Csi,,{^, S'-u) = Hg{{A{u)nM)si, mu)\s'-u)nM)sr), (2.27) 

where A(n) = {w £ L^(5i,R2") | ^{w) < ^{u)}. 

Comparing with Theorem 4 in P.219 of [Eke3j . we have the following 

a 

Proposition 2.10. For every z G N, there exists a point u G Lq (5"*^, R^") such that 

$'(n) = 0, $(n) = a, (2.28) 
C5i,2(i-i)(^, S'-u)^0. (2.29) 
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Proof. By Lemma 8 in P.206 of [Eke3j . we can use Theorem 1.4.2 of |Chal] in the equivariant 
form to obtain 

i/5i,,(<J.^>+S $'^-^)= Csi,.{^, S'-u), (2.30) 

for e small enough such that the interval (q — e, q + e) contains no critical values of $ except Cj. 
Similar to P.431 of [EkHlj . we have 

where p and q are natural inclusions. Denote by / : — t- CP°° a classifying map and let 
= /l(<i'=i±^)3i • Then clearly each : — > CP°° is a classifying map on Let 

r] € H'^{CP°°) be the first universal Chern class. 

By definition of q, we have i($''»~^) < i, hence {f~)*{rf^^) = 0. Note that p'if^yirf"^) = 

if'TW'^)- Hence the exactness of (fOT]) yields a cr € ^ ^^^.-e)^^) g^^j^ ^^^^^ 

q*{a) = (/+)*(7?^~^). Since /($^»+^) > we have (/+)*(r/*"^) / 0. Hence o" 7^ 0, and then 

^2(i-i)(^Q+.^^c.-e) = i72(»"i)(($c«+^)_5i, («>^»-^)5i) / 0. 

Now the proposition follows from ()2.30p and the universal coefficient theorem. | 

Proposition 2.11. Suppose u is the critical point of ^ found in Proposition 2.10. Then we 
have 

Cs\ 2(i-l)(*a, ■ Ua) = Cs^, 2(i_l)($, ■ u) ^ 0, (2.32) 

where '^a is given by ^2.3\) and Ua € L'q{S'^, R^") is its critical point corresponding to u in the 
natural sense. 

Proof. Fix this u, we modify the function H only in a small neighborhood of as in [Ekel] 
so that the corresponding orbit of u does not enter O and the resulted function H satisfies similar 
properties as Definition 1 in P. 26 of |Ekel| by just replacing | there by a. Define the dual action 
functional $ : L^(5\ R^") ^ R by 

^{v) = £ Q J?; -Mv + H* i-Jv)^ dt. (2.33) 

Clearly $ and $ are close to each other, thus by the continuity of critical modules (cf. Theorem 
8.8 of |MaWl) or Theorem 1.5.6 in P.53 of [Chal| . which can be easily generalized to the equivariant 
sense) for the u in the proposition, we have 

Csi,,($, 5^-n)^Csi,,($, S^-u). (2.34) 
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Using a finite dimensional approximation as in Lemma 3.9 of |Ekel| . we have 

Csi,,($, -u)^ H,{A{u)nD,Niu), iA{u) \{u}) n D,N{u)f"^ , (2.35) 

wliere A(n) = {w e Lo"-^(S\R2") | <i>{w) < <l>{u)} and D,N{u) is a Z^-invariant finite dimensional 
disk transversal to ■ u at u (cf. Lemma 3.9 of [WHL] ). m is the multiplicity of u. 
By Lemma 3.9 of |WHL| . we have 

Csi, .(*a, ■ Ua) = H,{K{Ua) H D,N{Ua), {K{Ua) \ {Ua}) H D,N{Ua)f"^. (2.36) 

By the construction of Ha in [WHL ] . Ha = H m. a, L°°-neighborhood of ■ u. We remark 
here that multiplying H hj a, constant will not affect the corresponding critical modules, i.e., the 
corresponding critical orbits have isomorphic critical modules. Hence we can assume Ha = H 
in a L°° -neighborhood oi ■ u and then the above conclusion holds. Hence and $ coincide 
in a L°°-neighborhood of • u. Note also by Lemma 3.9 of |Ekel| . the two finite dimensional 
approximations are actually the same. Hence we have 

H,(k{u) n D,N{u), (A(n) \ {u}) n D,N{u))^"^ 

^ H,{Ka{Ua) n D,N{Ua), {K{Ua) \ {Ua}) D D,N{Ua))^"^. (2.37) 

Now the proposition follows from Proposition 2.10 and (|2.34p - (|2.37p . | 

3 A brief review on an index theory for symplectic paths 

In this section, we recall briefly an index theory for symplectic paths developed by Y. Long and his 
coworkers. All the details can be found in |Lon4] . 

As usual, the symplectic group Sp(2n) is defined by 

Sp(2n) = {M G GL(2n, R) | M^JM = J}, 

whose topology is induced from that of R^" . For T > we are interested in paths in Sp(2n): 

P.(2n) = {7G C([0,T],Sp(2n))|7(0) =/2n}, 

which is equipped with the topology induced from that of Sp(2n). The following real function was 
introduced in jLonSj : 

D^{M) = (-l)"-^uJ" det(M - wl2„), VtJ G U, M G Sp(2n). 
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Thus for any cj S U the following codimension 1 hypersurface in Sp(2n) is defined in |Lon3j : 

Sp(2n)0 = {M G Sp(2n) | D^M) = 0}. 

For any M G Sp{2n)^, we define a co-orientation of Sp(2n)2, at M by the positive direction 
^Me*'^'^|t=o of the path Me*^"^ with < t < 1 and e > being sufficiently small. Let 

Sp(2n): = Sp(2n)\Sp(2n)0, 
P;^(2n) = {7GP,(2n)|7(r) GSp(2n):}, 
(2n) = VA2n)\V*{2n). 



For any two continuous arcs ^ and r/ : [0,r] — Sp(2n) with ^(r) = r]{0), it is defined as usual: 

C(2t), if < t < r/2, 

ry(2t-r), if r/2 < t < r. 

Given any two 2mfc x 2mjt matrices of square block form = with k = 1,2, as in 

V Ck Dj. J 

|Lon4j ■ the o-product of Mi and M2 is defined by the following 2(m-i + 7712) x 2(mi + 771-2) matrix 
M10M2: 

/^i Si ^ 
^2 ^2 
Ci Di 

V C2 1^2/ 

Denote by M^^ the /c-fold o-product Mo • • • oM. Note that the o-product of any two symplectic 
matrices is symplectic. For any two paths 7^ G Vri^rij) with j = and 1, let 7o07i(i) = 7o(^)o7i(0 
for all t G [0,t]. 

A special path ^„ is defined by 



M10M2 



■2- i 







for < t < r. 



X (2-^rv 

Definition 3.1. (cf. [Lon3] . |Lon4] ) For any cj G U and M G Sp(2n), define 

v^{M) = dime kerc(M - ujhn)- 



For any r > and 7 G Vri^n), define 



Ifl^KMn), define 



i^(7) = [Sp(27z)0 :7*^„], 



(3.1) 



(3.2) 



(3.3) 



(3.4) 
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where the right hand side of is the usual homotopy intersection number, and the orientation 
of * in is its positive time direction under homotopy with fixed end points. 

If J & V!^^^{2n), we let J-{'y) be the set of all open neighborhoods of j in VrC^n), and define 

iUl)= sup inf{i^(/3)|/3 G C/np;^(2n)}. (3.5) 

Then 

(«.;(7),z^^(7))GZx{0,l,...,2n}, 

is called the index function of ^ at u. 

Note that when w = 1, this index theory was introduced by C. Conley-E. Zehnder in |CoZlj 
for the non-degenerate case with n >2,Y. Long-E. Zehnder in [LZel] for the non-degenerate case 
with n = 1, and Y. Long in [Lonlj and C. Viterbo in |Vit2j independently for the degenerate case. 
The case for general cj € U was defined by Y. Long in |Lon3] in order to study the index iteration 
theory (cf. [Lon4j for more details and references). 

For any symplectic path 7 € Vr{2n) and m E N, we define its m-th iteration 7"* : [0, mr] — t- 
Sp(2n) by 

7'"(i) = 7(t-jr)7(r)^ for jt < t < {j + 1)t, j = 0,1, . . . ,m - I. (3.6) 

We still denote the extended path on [0, -|-oo) by 7. 

Definition 3.2. (cf. [Lon3] . [Lon4] ) For any 7 € Vr(2n), we define 

(i(7,m),i/(7,m)) = (ii(7"^),z.i(7™)), Vm € N. (3.7) 

The mean index i{'y,m) per mr for m GlSS is defined by 

i[j,m) = lim ; . (3.8) 

For any M G Sp(2n) and a; € U, the splitting numbers S^j{uj) of Ad at oj are defined by 

S^{uj) = ^hm «^cxp(±^.)(7) - ^..(7), (3.9) 

for any path 7 G Vri^n) satisfying 7(t) = M . 

For a given path 7 € Vri^n) we consider to deform it to a new path r] in Vr{2n) so that 

n(7") = n(r?'"), iyim = Mr]n, Vm G N, (3.10) 

and that (ii(f?"^), J^i(??™)) is easy enough to compute. This leads to finding homotopies 5 : [0, 1] x 
[0, r] — )• Sp(2n) starting from 7 in Vri^n) and keeping the end points of the homotopy always stay 
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in a certain suitably chosen maximal subset of Sp(2n) so that ()3.10p always holds. In fact, this set 
was first discovered in |Lon3j as the path connected component Q^{M) containing M = 7(t) of the 
set 

n{M) = {N e Sp(2n) I a{N) n U = a{M) n U and 

ux{N) = iyx{M),yX£a{M)nV}. (3.11) 

Here Q,^{M) is called the homotopy component of M in Sp(2n). 

In |Lon3| and |Lon4] , the following symplectic matrices were introduced as basic normal forms: 

D(A)= Q X = ±2, (3.12) 
fx b\ 

Ni{X,b)={ ^j, A = ±1,6 = ±1,0, (3.13) 
/ cos 9 — sin 6 \ 

R{9)=[ , (0,^)U(7r,27r), (3.14) 
\ sin 9 cos 9 J 

(R{9) b \ 

N2{uj,h)=[ , (0,^)U(7r,27r), (3.15) 

V R{9)) 

fbi b2\ 

where b = \ with 6j G R and 62 7^ &3- 

\b3 bj 

Splitting numbers possess the following properties: 

Lemma 3.3. (cf. |Lon3| and Lemma 9.1.5 of |Lon4| ) Splitting numbers S^j{uj) are well defined, 
i.e., they are independent of the choice of the path 7 G VrC^n) satisfying ^{t) = M appeared in 
\3. 5)) . For w E U and M G Sp(2n), splitting numbers S^{uj) are constant for all N G il'^(M). 

Lemma 3.4. (cf. |Lon3| . Lemma 9.1.5 and List 9.1.12 of |Lon4j l For M £ Sp(2n) and u £lJ, 
there hold 

S^,j{uj) = 0, if u^(t{M). (3.16) 
r 1, if a > 0, 



.0, if a < 
For any Mi € Sp(2nj) with z = and 1, there holds 

Sm,,mM = Sti^{u:) + 5±^(u;), V ^ G U. (3.18) 

We have the following 

Theorem 3.5. (cf. j Lon3| and Theorem 1.8.10 of |Lon4] ) For any M G Sp(2n), there is a path 
f : [0, 1] ^ Vt^{M) such that /(O) = M and 

f{l) = MiO---oMs, (3.19) 
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where each Mi is a basic normal form listed in i3.1^ }- [3.15\} for 1 < i < s. 

Let S G %{2n). Using notations in §1, for any closed characteristic (r, y) and m G N, we define 
its m-tli iteration : R/(mrZ) — R^" by 

=y(t-jT), for jr < t < (j + l)r, j = 0, 1, 2, . . . , m - 1. (3.20) 

Note that this coincide with that in §2. We still denote by y its extension to [0, +oo). 
We define via Definition 3.2 the following 

S+{y) = (3.21) 
{i{y,m),u{y,m)) = {i{jy,m),u{'jy,m,)), (3.22) 
i{y,m) = i{-/y,m), (3.23) 

for all m G N, where jy is the associated symplectic path of {T,y). Then we have the following. 

Theorem 3.6. (cf. Lemma 1.1 of [LoZlj . Theorem 15.1.1 of |Lon4] ) Suppose {T,y) is a closed 
characteristic on S. Then we have 

i{y"^) = i{mT, y) = i{y, m) — n, i^{y"^) = y{mT, y) = u{y, m), Vm G N, (3.24) 

where i{y^) and ^{y^) are the index and nullity defined in §S. 

The following is the precise iteration formula, which is due to Y. Long (cf. Theorem 8.3.1 and 
Corollary 8.3.2 of [L5il4] ). 

Theorem 3.7. Let 7 G G C{[Q,t], Sp{2n)) \ ^(0) = /}, Then there exists a path f G 
C([0,l],J]°(7(r)) such that /(O) = 7(r) and 

/(I) = 7Vi(l, 1)0^^- o /2„, o iVi(l, -l)oP+ o N^{-1, 1)0'?- o (-/2go) o iVi(-l, -1)"'^+ 

oR{9i) O ■ ■ ■ O R{9r) O N2{u}i,Ui) O ■ ■ ■ O N2{uJr^, , Ur^) 

oiV2(Ai, t;i) o • • • o iV2(Aro, -^ro) o Mo (3.25) 

where N2{ujj,Uj)s are non-trivial and N2{Xj,Vj)s are trivial basic normal forms; (7(Mo) H [/ = 0; 
P-, po, p+, q-, qo, q+, r, r^, and tq are non-negative integers; ojj = e^'^^J , \j = e^^^^J ; Oj, aj, 
/3j G (0,7r) U (vr, 27r); these integers and real numbers are uniquely determined by j{t). Then using 
the functions defined in |j.^[ ). 

i(7, m) = m(z(7, 1) + p_ + po - ?") + 2 ^ -E (^"^^ - r - p- - po 



'-^^im + ,.) + 2{tJ'^)-r.]. (3.26) 
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1 + (-1)™ 

1/(7, m) = u{-f, 1) + + 2^0 + q+) + 2(r + + tq) 



i(7, 1) = i(7, l)+P-+po-r + J2^- (3.28) 

/I ±1\ /-I ±1\ /cos6l -sm9\ 

Where Ni{l, ±1) = , A^i(-1, ±1) = , R{e) = { ], N2{lo, b) = 

/R{e) b \ (bi b2\ 

with some 9 £ (0,it)U(it,2it) and b = { ^'R?^'^ , such that (b2 — b^)sui9 > 

\ R{9)) \b3 bj 

0, if N2{uj,b) is trivial; (62 — 63) sin < 0, if N2{u},b) is non-trivial. We have ^(7, 1) is odd if 
f{l) = Niil,l), I2, Nii-1,1), -/2, iVi(-l,-l) andR{9);iij,l) is even if fil) = Ni{l, -1) and 
N2{uj, b); i(7, 1) can he any integer if a{f{l)) n U = 0. 



4 Proof of the main theorems 

In this section, we give the proof of the main theorems by using Morse theory and the index iteration 
theory developed by Long and his coworkers. 
As Definition 1.1 of [LoZlj . we define 

Definition 4.1. For a G (1,2), we define a map Qn'-'H{2n) — > N U {+00} 

+00, if #V(S,a) = +00, 

^■^| p(x.i)+2S+(.)-.(x.i)+n ] I ^ Voo(S,a)} , if #V(S,a)<+oo, ^^'^^ 

where V(S,a) and Voo(S,a) are variationally visible and infinite variationally visible sets respec- 
tively given by Definition 1.4 of [LoZl] (cf. Definition 15.3.3 of |Lon4] ) . 

Proof of Theorem 1.1. By Theorem 1.1 of [LoZlj (cf. Theorem 15.4.3 of |Lon4] ). we have 
*T{T.) > Qn{T.) > [§] + 1. Hence in order to prove Theorem 1.1, we only need to consider the 
case that n being odd. We prove Theorem 1.1 by contradiction, we assume ^^(S) = [^] + 1, i.e., 
there are exactly [f ] + l geometrically distinct closed characteristics {(rj, yj)}i<j<[n.]+i on S, where 
n G 2N + 1. 

Denote by 7^ = 'jy- the associated symplectic path of {tj, yj) for 1 < j < [§] + 1. Then by 
Lemma 1.3 of [LoZl] (cf. Lemma 15.2.4 of |Lon4j ). there exist Pj G Sp(2n) and Mj G Sp(2n - 2) 
such that 

lj{rj) = P-\N,{l,l)oM,)P,, l<j<[^] + l. (4.2) 
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Using the common index jump theorem (Theorems 4.3 and 4.4 of |LoZl] . Theorems 11.2.1 and 
11.2.2 of |Lon4j ) . we obtain some (T, mi, m2, . . . , m^i^j^i) G Nf'2]+^ such that the following hold by 



(11.2.6), (11.2.7) and (11.2.26) of [L^ : 

i{y„2m,) > 2T-^^^^, (4.3) 

i{y,,2m,) + iy{y„2mj) < 2T + ^^^^^p^ - 1, (4.4) 

z(y,-,2m, + l) = 2r + i(y,-, 1). (4.5) 

i(y,-,2m, -l) + z.(y„2m,-l) = 2r - (i(y„ 1) + 25+.(^^,)(l) - 1)), (4.6) 

where e(M) is the total algebraic multiplicity of all eigenvalues of M on U. 



By Corollary 1.2 of [LoZl] (cf. Corollary 15.1.4 of [ Lon4j ). we have i{yj, 1) > n for 1 < j < 
[§] + 1. Note that e{jj{Tj)) < 2n for 1 < j < [§] + 1. Hence Theorem 2.3 of [LoZT] (cf. Theorem 
10.2.4 of [LHnll) yields 

i{yj, m) + u(yj, m) < i{yj,m + I) - i{yj,l) -\ ^-^^ 1 
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< i{yj,m + Vm G N, 1 < j < [-] + 1. (4.7) 

By Theorem 3.7, the matrix Mj can be connected within Q^{Mj) to A^i(l,l)*^^- o l2pjQ o 
iVi(l, -1)''*'^+ o M'j, where pj_, pj^, Pj+ G No and 1 ^ o-(Mj) for 1 < j < [§] + 1. By Lemma 3.4, 
we have 

2^i(.,)(i)-Kyi, 1) 

= 2S+ (,^,)(l) - z.i(iVi(l, 1)) +25+^.(1) - z.i(M,) 

= l+p,. -p,,., l<i<[-] + l. (4.8) 

Note that by (j4.ip and (j4.8p , we have Qn{T.) > [^] + l if there is no closed characteristic (tj, yj) on 
S satisfies pj^ = n — 1 together with i{yj, 1) = n. Thus in oder to prove Theorem 1.1, it is sufficient 
to consider the case that there is some (tj, yj) satisfies pj^ = n — 1 together with i{yj, 1) = n for 
some j E {1,2,. . . , [f] + l}, i.e., the matrix Mj can be connected within n^{Mj) to iVi(l, -l)''^""^. 
Without loss of generality, we may assume i{yj, 1) = n and Mj can be connected within Q^{Mj) 
to A^i(l, — l)*("~i) whenever 1 < j < K , where K is some integer in [1. [^] + 1]. 
By Theorem 3.6, (gZl) and (gJl), (I33])-(jMl) become 

i(y2-.) > 2T-2n, l<j<[^] + l, (4.9) 
iiy^'^n + '^ivT')-^ ^ 2r-2, l<j<[^] + l, (4.10) 
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^^y2m,+m^ > 2T, Vm>l, l<j<[^] + l, (4.11) 
i{y'p~^) + i^{y'p~^)-l = 2T-n-3, l<j<K, (4.12) 
i{y'^P~"') + iy{y'^"'''"')-l < 2T-n-3, V m > 2, 1 < j < if, (4.13) 

.^^2m,-rn^^^^y2m,~rn^_^ < 2T - n - 3, V m > 1, K < J < [^] + 1. (4.14) 

Thus by Propositions 2.10 and 2.11, we can find {jk, ljk)i<k<oo such that 

$'(uj^)=0, <^>iul^)=CT+l-k, Csl,2T-2ki^a, S'-uln^O, (4.15) 

where we denote also by u^^ the corresponding critical points of $ and which will not be confused. 
Tlhus by Propositions 2.3, 2.8 and (li:9l)- (liT3]l . we have {jk, IjJ = {jk, 2mjJ for 1 < < [^] + 1 
and these jkS are pairwise distinct. 
Claim. We have I < ji < K . 

We prove the claim by contradiction. Suppose ji ^ [1, K]. Then by Theorem 3.7, Proposition 
2.3, 2.5 and diTTOD - fim]) . we have Cgi, 2T-n-3(^a, • u^""'"^) = for 1 < j < [f ] + 1. In fact, 
we have C^i, 2T-n-3(^a, • u^""'-^) = for K < J < [§] + 1 by Since ji ^ [1, K], 

we have C^i^ 2T-2fc(*a, ■ u^'") / for jk G [1, if] and A; / 1 by (f4T5]l . Thus it follows 
from (liTOjl . Propositions 2.3 and 2.6 that C5i^2T-2(^a, 5"^ • up) = for 1 < j < if, and then 
kyi^y.-^_i{yj) = for 1 < j < A' by Theorem 3.7 and Proposition 2.5. Thus by Proposition 2.5 and 
(fiT2]l . we have Cs\ 2T-n--i{^a, ■ up~^) = for 1 < j < if. This together with (imil - diT^ 
implies M2T-n-3 = 0. This contradict to Theorem 2.7. Hence the claim holds. 

By the proof of Theorem 1.4 of [LoZlj (cf. Theorem 15.5.3 of |Lon4] ) . we can find another tuple 
(T', m'i,m'2, . . . , "T-p]_|_i) G N^al^^ such that the following hold 

(4.16) 
(4.17) 
(4.18) 
(4.19) 
(4.20) 
1. (4.21) 

As above we can find {ik, li^)i<k<oo such that 

^{vl:^) = Q, ^{vl:^) = CT> + l-k, Cs^^2T'-2k{'^a, S^-ui;:)^Q, (4.22) 



2m'. 


> 


2T' 


- 2n, 


l<J<[f] + l, 


2m'. 2m'. 

i{yj ) + ^{Vj ) - 1 


< 


2T' 


-2, 


1 < J < [d + 1> 


2m' ■+m 
H?/j ) 


> 


2T', 
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V m > 1, 1 < i < [-] + 1, 


2m'-l 2m'-l 

i{yj ) + u{yj ) - 1 




2T' 


— n — 


3, l<j<K, 


2m'.— m 2m'.— m 

Avj ) + ^{Vj ) - 1 


< 


2T' 


— n — 


3, \/ m>2, 1 < j < K, 


2m' —m 2m' —m 

i{yj ) + ^{Vj ) - 1 


< 


2T' 


— n — 


3, ym>l,K<j<[- 
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together with (i^, /j^) = (ik, '^n^i^) for 1 < /c < [^] + 1 and these i^s are pairwise distinct. 

By the proof of Theorem 1.4 of |LoZlj (cf. Theorem 15.5.3 of [Lon4| ) . we can require the tuple 
(T', 1711,1712, . . . , m'^nj^i) further satisfies ii ^ ji. In fact, otherwise we always have the same elliptic 
closed Icharacteristic {Tj^,yj^) for all a G A{v), where we use notations as in Theorem 1.4 of [LoZlj 
(cf. Theorem 15.5.3 of |Lon4j ) . Then the proof of Theorem 1.4 of [LoZl] (cf. Theorem 15.5.3 of 
|Lon4j ) yields a contradiction. 

On the other hand, by Theorem 3.7, Propositions 2.3, 2.5 and the above claim, we have 

2m' 

Cs\2T'-2{^a, S'^ ■ u-^ / 0. Thus it follows from Propositions 2.3, 2.6 and (f02]) that ji ^ 
{z2,«3, . . . This contradict to the assumption that there are [^] + 1 geometrically distinct 

closed characteristics on S. The proof of Theorem 1.1 is complete. I 
Proof of Theorem 1.2. Denote the closed characteristics on S by {{Tj,yj)}i<j<q- Denote by 
7j = ^y. the associated symplectic path of (rj, yj) for 1 < j < (?. Then by Lemma 1.3 of [LoZl] 
(cf. Lemma 15.2.4 of |Lon4] ). there exist Pj G Sp(2n) and Mj G Sp(2n - 2) such that 

7,(r,) = P^\Ni{l, l)oMj)Pj, l<j<q. (4.23) 

Using the common index jump theorem (Theorems 4.3 and 4.4 of [ LoZlj . Theorems 11.2.1 and 
11.2.2 of [Lon4j ) . we obtain some {T,mi,m2, ■ ■ ■ ,mq) G N'^^"'^ such that the following hold by 
(11.2.6), (11.2.7) and (11.2.26) of [L^ : 

iiy„2mj) > 2r-^^^^, (4.24) 

i{y„2mj) + i^{yj,2mj) < 2T + ^^^^^p^ - 1, (4.25) 
i{yj,2m, + l) = 2T + i{yj,l). (4.26) 
iiyj, 2mj - 1) + i^iyj, 2m, - 1) = 2T - {iiy,, 1) + 25+(^^,)(l) - i^iy,, 1)), (4.27) 

for 1 < j < q. As in the proof of Theorem 1.1, we can find {jk, lj^)i<k<oo such that 

$'(n;^) = 0, $(«;^) = CT+l-fc, 2T-2fc(^a, ' uj^) ^ 0, (4.28) 

and {jk, Ij^) = (jk, 2mj^,) for 1 < < [^] + 1 and these jfcS are pairwise distinct. 

Note that by Theorem 3.6, (|4.24p and (j4.25p . a hyperbolic closed characteristic (rj, yj) must 
satisfy i{yf^^) = 2T — n — l. Thus by Proposition 2.3 and (I4.28p . the closed characteristics (tj^,, yj^) 
for 1 < A; < [^] + 1 must be non-hyperbolic if n is even. 

It remains to consider the case that n being odd. As above the closed characteristics (tj^,, yj^,) 
for 1 < k < [^] must be non-hyperbolic. We have the following two cases. 
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Case 1. We have ji = j[:|]+2- 

In this case, as in the proof of Theorem 1.1, we must have 1) = n and Mj^ can be 

connected within Q^{Mj-^) to A'^i(l, — 1)*^"^^) . Hence by Theorem 3.7, we have i{yji) G Q- Then 
by the proof of Theorem 1.3 of [LoZl| (cf, Theorem 15.5.2 of jLon4] ) . we have i{yj^n^_^_i) ^ Q- Thus 
) is non-hyperbolic. 

Case 2. We have ji ^ J[h]_|_2. 

By Propositions 2.3-2.6, K2^ - K27\\ . (HTTD and we have i[n]+2 / j'fc for 2 < A; < [§] + 1. 

Hence the closed characteristics (tj-^, yj^) for 1 < A; < [^] and k = [^] + 2 must be geometrically 
distinct non- hyperbolic closed characteristics. 

The proof of Theorem 1.2 is complete. I 
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